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Abstract
The possibility of testing spatial noncommutativity by current experiments on
normal quantum scales is investigated. For the case of both position-position and
momentum-momentum noncommuting spectra of ions in crossed electric and mag-
netic fields are studied in the formalism of noncommutative quantum mechanics. In
a limit of the kinetic energy approaching its lowest eigenvalue this system possesses
non-trivial dynamics. Signals of spatial noncommutativity in the angular momentum
are revealed. They are within limits of the measurable accuracy of current experi-
ments. An experimental test of the predictions using a modified electron momentum
spectrum is suggested. The related experimental sensitivity and subtle points are
discussed. The results are the first step on a realizable way towards a conclusive test
of spatial noncommutativity.
∗ Corresponding author
Quantum theory in noncommutative space [1–9] presents an attractive possibility as a
candidate in the present round in hinting at new physics. In the low energy aspect, quantum
mechanics in noncommutative space (NCQM) [10–17], [18] have been studied in detail. But
testing their predictions require experiments near the Planck scale which are un-realizable,
and /or their modifications to normal quantum theory depending on vanishingly small
noncommutative parameters which are outside limits of measurable accuracy of current
experiments. It seems that noncommutative quantum theory escapes measurement on
normal quantum scales.
The possibility of testing spatial noncommutativity by current experiments on normal
quantum scales was investigated, and two proposals [18] using Rydberg atoms and Chern-
Simons processes are suggested. The two proposals revealed that in a limit of diminishing
the magnetic field to zero the vanishingly small noncommutative parameters usually present
in predictions derived from spatial noncommutativity actually cancel out in the the angular
momentum, so that the lowest angular momentum turns out to be h¯/4. This provides a
conclusive test of spatial noncommutativity, i. e., a positive experimental result shows an
evidence of spatial noncommutativity and a negative one draws a conclusive preclusion of
spatial noncommutativity. In practice the magnetic field, however, can only reach some
finite value limited by the level of shielding the background magnetic fields. In order
to meet the condition of a cancellation between the vanishingly small noncommutative
parameters present in the angular momentum derived from spatial noncommutativity, the
magnetic field must be decreased to a level of some orders less than the effective intrinsic
magnetic field Bη originated from spatial noncommutativity (see below). The field control
at that level seems close to impossible in the foreseeable future.
According to the present level of shielding the background magnetic fields, this paper
explores a realizable way for testing noncommutative quantum effects on normal quantum
scale. For the case of both position-position and momentum-momentum noncommuting
spectra of ions trapped in crossed electric and magnetic fields are investigated. In a limit
of the kinetic energy approaching its lowest eigenvalue this system possesses non-trivial
dynamics. The corresponding constraints are analyzed. Signals of spatial noncommuta-
tivity in the angular momentum are revealed. They are within limits of the measurable
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accuracy of current experiments. An experimental test of the predictions using, similar
to electron momentum spectroscopy (EMS) [19], a modified EMS is suggested, and the
related experimental sensitivity and the subtle points are discussed. It is the first step on
a realizable way towards a conclusive test of spatial noncommutativity.
We consider an ion of mass µ and charge q(> 0) trapped in a uniform magnetic field
B aligned along the x3-axis and an electrostatic potential [20]
Veff =
1
2
µ
[
ω2ρ(x
2
1 + x
2
2) + ω
2
zx
2
3
]
(1)
where ω2ρ and ω
2
z are frequencies, respectively, in the (x1, x2)-plane and z direction. The
vector potential Ai of B is chosen as Ai = −Bǫijxj/2, A3 = 0, (i, j = 1, 2). The Hamil-
tonian H of the trapped ion can be decomposed into a one-dimensional harmonic Hamil-
tonian Hz in the z direction and a two-dimensional Hamiltonian H2 in the (x1, x2)-plane:
H = (pi − qAi/c)2 /2µ + Veff = H2 +Hz, Hz = p23/2µ + µω2zx23/2, and H2 is (Henceforth
the summation convention is used):
H2 =
1
2µ
(
pi +
1
2
µωcǫijxj
)2
+
1
2
κx2i =
1
2µ
p2i +
1
2
ωcǫijpixj +
1
2
µω2Px
2
i , (2)
where κ = µω2ρ, ωc = qB/µc (the cyclotron frequency), and ωP = (ω
2
ρ + ω
2
c/4)
1/2.
If NCQM is a realistic physics, low energy quantum phenomena should be reformulated
in the formalism of NCQM. We consider the case of both position-position noncommu-
tativity (position-time noncommutativity is not considered) and momentum-momentum
noncommutativity. The consistent deformed Heisenberg-Weyl algebra [18] is:
[xˆI , xˆJ ] = iξ
2θIJ , [xˆI , pˆJ ] = ih¯δIJ , [pˆI , pˆJ ] = iξ
2ηIJ , (I, J = 1, 2, 3)
where θIJ and ηIJ are the antisymmetric constant parameters, independent of the position
and momentum. We define θIJ = ǫIJKθK , where ǫIJK is a three-dimensional antisymmetric
unit tensor. We put θ3 = θ and the rest of the θ-components to zero (which can be done
by a rotation of coordinates), then we have θij = ǫijθ (i, j = 1, 2), where ǫij = ǫij3 is a two-
dimensional antisymmetric unit tensor with ǫ12 = −ǫ21 = 1, ǫ11 = ǫ22 = 0. Similarly, we
have ηij = ǫijη. Thus we obtain the following two dimensional deformed Heisenberg-Weyl
algebra
[xˆi, xˆj] = iξ
2θij , [xˆi, pˆj] = ih¯δij , [pˆi, pˆj] = iξ
2ηij . (i, j = 1, 2) (3)
3
Here we consider the noncommutativity of the intrinsic canonical momentum. It means
that the parameter η, like the parameter θ, should be extremely small. This is guaranteed
by a direct proportionality between them (See Eq. (39) below). In Eqs. (3) the scaling
factor ξ is ξ = (1 + θη/4h¯2)−1/2.
The deformed Heisenberg - Weyl algebra (3) can be realized by undeformed variables
xi and pi as follows
xˆi = ξ(xi − 1
2h¯
θǫijpj), pˆi = ξ(pi +
1
2h¯
ηǫijxj), (4)
where xi and pi satisfy the undeformed Heisenberg-Weyl algebra [xi, xj ] = [pi, pj] =
0, [xi, pj] = ih¯δij . It should be emphasized that for the case of both position-position and
momentum-momentum noncommuting the scaling factor ξ in Eqs. (3) and (4) guarantees
consistency of the framework, and plays an essential role in dynamics.
The deformed Hamiltonians Hˆ2 and Hˆz in noncommutative space can be obtained
by reformulating the corresponding undeformed ones in commutative space in terms of
deformed canonical variables xˆi and pˆi. Because of xˆ3 = x3 and pˆ3 = p3 the deformed
Hˆz(xˆ3, pˆ3) is the same as the undeformed one, Hˆz(xˆ3, pˆ3) = Hz(x3, p3).
The deformed Hˆ2(xˆ, pˆ), using Eqs. (4), can be further represented by undeformed vari-
ables xi and pi as
Hˆ2(xˆ, pˆ) =
1
2M
(pi +
1
2
Gǫijxj)
2 +
1
2
Kx2i =
1
2M
p2i +
1
2M
Gǫijpixj +
1
2
MΩ2Px
2
i , (5)
where the effective parameters M,G,ΩP and K are defined as
1/2M ≡ ξ2(c21/2µ+ κθ 2/8h¯2), G/2M ≡ ξ2(c1c2/µ+ κθ/2h¯),
MΩ2P ≡ ξ2(c22/µ+ κ), K ≡MΩ2P −G2/4M, (6)
and c1 = 1 + µωcθ/4h¯, c2 = µωc/2 + η/2h¯.
The deformed Hamiltonian (2) and the equivalent one of Eq. (5) possess a rotational
symmetry in (x1, x2)-plane. The z-component of the orbital angular momentum is a con-
served observable.
In order to explore new features of such a system we need to investigate a Chern-
Simons term Jˆz = ǫij xˆipˆj. From the NCQM algebra (3) we obtain commutation relations
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between Jˆz and xˆi, pˆi: [Jˆz, xˆi] = iǫij xˆj+ iξ
2θ pˆi, [Jˆz, pˆi] = iǫij pˆj− iξ2η xˆi. From the above
commutation relations we conclude that Jˆz plays approximately the role of the generator of
rotations at the deformed level. Using Eqs. (4), we can further represent Jˆz by undeformed
variables xi and pi as
Jˆz = ǫijxipj − 1
2h¯
ξ2 (θpipi + ηxixi) = Jz − 1
2h¯
ξ2 (θpipi + ηxixi) , (7)
where Jz = ǫijxipj is the z-component of the orbital angular momentum in commutative
space. Jˆz and Hˆ2 commute each other. They have common eigenstates.
We investigate an interesting case: dynamics of this system in the limit of the me-
chanical kinetic energy approaching its lowest eigenvalue. For discussing this limit it is
convenient to work in the Lagrangian formalism. The Lagrangian corresponding to the
Hamiltonian Hˆ2 in Eq. (5) is
Lˆ =
1
2
Mx˙ix˙i +
1
2
ǫij x˙ixj − 1
2
Kxixi. (8)
The mechanical kinetic energy Hˆk =Mx˙ix˙i/2 can be rewritten as
Hˆk =
1
2M
(
K21 +K
2
2
)
(9)
where
Ki ≡ pi + 1
2
Gǫijxj (10)
are the mechanical momentum corresponding to the vector potentials Ai. They satisfy the
commutation relation
[Ki, Kj] = ih¯Gǫij. (11)
In Eq. (10) pi = ∂/∂xi are the canonical momentum. They satisfy the commutation
relation [pi, pj] = 0.
We define canonical variables Q = K1/G and Π = K2, which satisfy
[Q,Π] = ih¯δij . (12)
The kinetic energy Hˆk in Eq. (9) is rewritten as a Hamiltonian of a harmonic oscillator
Hˆk =
1
2M
Π2 +
1
2
Mω20Q
2, (13)
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where the effective frequency ω0 ≡ G/M. The eigenvalues of Hˆk are
Eˆk,n = h¯ω0
(
n+
1
2
)
, (n = 0, 1, 2, · · · ). (14)
Its lowest one is
Eˆk,0 = h¯G
2M
. (15)
In the limit of Hˆk → Eˆk,0 the Hamiltonian Hˆ2 in Eq. (5) reduces to
Hˆ0 =
1
2
Kxixi + Eˆk,0. (16)
The Lagrangian corresponding to Hˆ0 is
Lˆ0 =
1
2
Gǫij x˙ixj − 1
2
Kxixi − Eˆk,0. (17)
In the following we demonstrate that the reduced system (Hˆ0, Lˆ0) has non-trivial dy-
namics. The canonical momenta
pi =
∂Lˆ0
∂x˙i
=
1
2
Gǫijxj . (18)
The Hamiltonian Hˆ ′0 obtained from Lˆ0 is Hˆ
′
0 = pix˙i − Lˆ0 = Kxixi/2 + Eˆk,0, which is just
Hˆ0.
The canonical momenta pi in Eq. (18) does not determine velocities x˙i as functions
of p and x which indicates that Lˆ0 is singular, but gives relations among p and x. Such
relations are primary constraints [21, 22]
ϕi(x, p) = pi +
1
2
Gǫijxj = 0, (19)
The physical meaning of Eq. (19) is that it expresses the dependence of degrees of freedom
among p and x. The constraints (19) should be carefully treated.
The Hamiltonian equation of Hˆ0 in Eq. (16) gives x˙i = ∂Hˆ0/∂pi = 0. But the Lˆ0 in
Eq. (17) has non-vanishing x˙i. This needs to be clarified. The Hamiltonian equations of
such a singular (constrained) system are not unique. Because of the constraints ϕi(x, p) = 0
of Eq. (19), Hˆ0 plus any linear combination of ϕi is also a Hamiltonian of the system, i.
e., the Hˆ0 can be replaced by Hˆ0(x, p) + λiϕi(x, p) where the Lagrange multiplier λi may
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be a function of x and p. The Hamiltonian equations, including the contributions of
δ (λi(x, p)ϕi(x, p)) , read
p˙i = −∂Hˆ0
∂xi
− λk∂ϕk
∂xi
, x˙i =
∂Hˆ0
∂pi
+ λk
∂ϕk
∂pi
. (20)
From ∂Hˆ0/∂pi = 0 and ∂ϕk/∂pi = δki, it follows that the above second equation reduces
to
x˙i = λi. (21)
In this example the Lagrange multiplier λi is just the velocity x˙i.
The Poisson brackets of the constraints are
Cij = {ϕi, ϕj}P = Gǫij , (22)
Cij defined in Eq. (22) are elements of the constraint matrix C. Elements of its inverse
matrix C−1 are (C−1)ij = −ǫij/G. The corresponding Dirac brackets of the canonical
variables xi and pj can be determined,
{xi, pj}D = 1
2
δij, {x1, x2}D = − 1
G
, {p1, p2}D = −G
4
. (23)
The Dirac brackets of ϕi with any variables xi and pj are zero so that the constraints (19)
are strong conditions. It can be used to eliminate dependent variables. If we select x1 and p1
as independent variables, from the constraints (19) we obtain x2 = −2p1/G, p2 = Gx1/2.
Introducing new canonical variables x =
√
2x1 and p =
√
2p1 we have {x, p}D = ih¯. The
corresponding quantum commutation relation is [x, p] = ih¯.
The reduced system (Hˆ0, Lˆ0) can be solved as follows. We define, respectively, the
following effective mass and frequency
µˆ∗ ≡ G
2
2K
, ωˆ∗ ≡ K
G
, (24)
then the Hamiltonian Hˆ0 reduces to
Hˆ∗0 =
1
2µˆ∗
p2 +
1
2
µˆ∗ωˆ∗2x2 + Eˆk,0. (25)
Eq. (25) shows that the following annihilation and creation operators can be introduced
Aˆ∗ =
√
µˆ∗ωˆ∗
2h¯
x+ i
√
1
2h¯µˆ∗ωˆ∗
p, Aˆ∗
†
=
√
µˆ∗ωˆ∗
2h¯
x− i
√
1
2h¯µˆ∗ωˆ∗
p. (26)
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They satisfies [Aˆ∗, Aˆ∗
†
] = 1. The eigenvalues of the number operator Nˆ∗ = Aˆ∗
†
Aˆ∗ is
n = 0, 1, 2, · · · . The Hamiltonian Hˆ∗0 reads
Hˆ∗0 = h¯ωˆ
∗
(
Aˆ∗
†
Aˆ∗ +
1
2
)
+ Eˆk,0. (27)
Similarly, in the limit of Hˆk → Eˆk,0 the Chern-Simons term Jˆz in Eq. (7) reduce to
Jˆ∗z = h¯Jˆ ∗
(
Aˆ∗
†
Aˆ∗ +
1
2
)
, Jˆ ∗ = 1− ξ2
(
Gθ
4h¯
+
η
Gh¯
)
. (28)
The eigenvalues of Jˆ∗z is Jˆ ∗n = h¯Jˆ ∗(n + 1/2). Its lowest one is
Jˆ ∗0 =
1
2
h¯Jˆ ∗. (29)
In the present case of both position-position and momentum-momentum noncommuting
the second equation of Eq. (4), up to the first order of θ and η, can be rewritten as
pˆi = pi + ηǫijxj/2h¯ = pi + qBηǫijxj/2c. It indicates that there is an effective intrinsic
magnetic field Bη originated from spatial noncommutativity,
Bη =
cη
qh¯
. (30)
Because Bη should be vanishingly small, only the external magnetic field B decreasing to
a level of closing to Bη, the small quantum effects of Bη from spatial noncommutativity
are manifested obviously.
In the following we demonstrate that, because of the effective intrinsic magnetic field
Bη, in a further limiting process of diminishing the external magnetic field B to zero the
survived system also has non-trivial dynamics. In this limit the frequency ωP reduces to
ωP = ωρ. Up to the first order of θ and η, we have ξ = 1. The effective parametersM,G,ΩP
and K reduce, respectively, to M˜, G˜, Ω˜P and K˜, which are defined by
M˜ ≡
(
1
µ
+
µω2ρθ
2
4h¯2
)−1
= µ, G˜h¯ ≡ µ2ω2ρθ + η
Ω˜ 2P ≡ ω2ρ +
η2
4µ2h¯2
= ω2ρ, K˜ ≡ M˜ Ω˜ 2P −
G˜ 2
4M˜
= µω2ρ. (31)
We define the following effective mass and frequency
µ˜ ≡ G˜
2
2K˜
, ω˜ ≡ K˜
G˜
, (32)
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and the annihilation and creation operators
A˜ =
√
µ˜ω˜
2h¯
x+ i
√
1
2h¯µ˜ω˜
p, A˜† =
√
µ˜ω˜
2h¯
x− i
√
1
2h¯µ˜ω˜
p (33)
A˜ and A˜† satisfies [A˜, A˜†] = 1. The eigenvalues of the number operator N˜ = A˜†A˜ is
n˜ = 0, 1, 2, · · · . Then, up to the first order of θ and η, the Hˆ∗0 and Jˆ∗z reduce, respectively,
to the following H˜0 and J˜z:
H˜0 = h¯ω˜
(
A˜†A˜+
1
2
)
, J˜z = h¯J˜
(
A˜†A˜+
1
2
)
, J˜ = 1− η
G˜h¯
. (34)
The eigenvalues of H˜0 and J˜z are, respectively,
E˜n = h¯ω˜
(
n˜+
1
2
)
, J˜n = h¯J˜
(
n˜+
1
2
)
. (35)
The term η/G˜h¯ of J˜ in Eq. (34) reads η/G˜h¯ = 1/[1+µ2ω2ρ/(η/θ)]. Where η/θ is a positive
finite constant of dimension mass−2time2.
In the context of non-relativistic quantum mechanics this can be elucidated from con-
ditions of guaranteeing the deformed bosonic algebra in the case of both position-position
and momentum-momentum noncommuting. The general representations of deformed an-
nihilation and creation operators aˆi and aˆ
†
i at the deformed level are determined by the
deformed Heisenberg-Weyl algebra (3) and the deformed bosonic algebra
[aˆ1, aˆ
†
1] = [aˆ2, aˆ
†
2] = 1, [aˆi, aˆj ] = 0. (36)
They are [18]:
aˆi =
√
1
2h¯
√
η
θ
(
xˆi +
i√
η/θ
pˆi
)
, aˆ†i =
√
1
2h¯
√
η
θ
(
xˆi − i√
η/θ
pˆi
)
. (37)
In the limits θ, η → 0 and η/θ keeping finite, the deformed annihilation operator aˆi should
reduce to the undeformed ai in commutative space. In the context of non-relativistic
quantum mechanics the general representations of undeformed annihilation and creation
operators ai and a
†
i are determined by the undeformed Heisenberg-Weyl algebra and the
undeformed bosonic algebra [ai, a
†
j] = δij, [ai, aj ] = 0. They read
ai =
√
1
2ch¯
(xi + icpi) , a
†
i =
√
1
2ch¯
(xi − icpi) , (38)
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where c is a positive constant. In the limits θ, η → 0 and η/θ keeping finite Eq. (37) should
reduces to Eq. (38). It follows that the factor η/θ in Eq. (37) should equal c−2, that is,
η = c−2θ. (39)
Both noncommutative parameters η and θ should be extremely small, because modifica-
tions to the normal quantum mechanics originated from spatial noncommutativity should
be vanishingly small. This is guaranteed by Eq. (39).
The undeformed Heisenberg-Weyl algebra shows that the equation [ai, aj] = 0 is auto-
matically satisfied, thus there is not constraint on the constant c. Up till now, how to fix
this constant from fundamental principles is an open issue.
From Eqs. (35) and (39) the dominant values of the lowest eigenvalue J˜0 and the interval
∆J˜n ≡ J˜n+1 − J˜n of J˜z take, respectively,
J˜0 = h¯
2
1
1 + 1/c2µ2ω2ρ
, ∆J˜n = h¯ 1
1 + 1/c2µ2ω2ρ
. (40)
Comparing with the corresponding results J0 = h¯/2 and ∆Jn = h¯/2 in commutative space,
Eq. (40) reveal that in noncommutative space J˜0 < h¯/2 and ∆J˜n < h¯/2. These results are
clear signals of spatial noncommutativity.
Towards a Test of Spatial Noncommutativity using Modified EMS – EMS [19] is used in
atomic and molecular physics to obtain unique information about the motion and correla-
tion of valence electrons in atoms, molecules and their ions. EMS involves the measurement
of the relative differential cross section for the (e, 2e) reaction on an atom or molecule as
a function of the electron separation energy and the momenta of observed electrons. A
calculation of the differential cross section requires a knowledge of the target and ion wave
functions. The reaction can be considered as a measurement of properties of these wave
functions if it is well understood that the cross section can be calculated within experimen-
tal error. The measured and calculated momentum distributions are different for different
angular momentum states of the electrons in the target, e. g., for the s state the maximum
of the momentum profile appears at the region of the vanishing momentum, but for the p
state the minimum appears at the same region.
In modified EMS we study the (I, 2I) reaction where I means an ion. We take the
incidental ion as the same type as the target (trapped) one, and measure the relative dif-
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ferential cross section of the two outgoing ions as a function of the ion separation energy
and the momenta of observed ions. Here information of the angular momentum is, dif-
ferent from EMS, for the whole target ion, not for an electron of the target ion. For our
purpose the initial state of modified EMS is taken as |i〉 = |α〉|χ(+)(~k0)〉, where |χ(+)(~k0)〉 is
a distorted wave of the incident ion and |α〉 is an angular momentum eigenstate of the tar-
get ion. Information of the angular momentum of the trapped ion is included in the wave
function of the initial state. As a analog of EMS, the modified EMS (I, 2I) reaction can dif-
ferentiate between wave functions of the trapped ions with different angular momenta from
the measured momentum distributions of outgoing ions. For normal quantum mechanics
in commutative space, θ = η = 0, in limits of Hk → Ek,0 and subsequent diminishing the
magnetic field B to zero the effective parameter G˜ = 0, so the effective frequency ω˜ and
the annihilation operator A˜ in Eq. (34) cannot be defined. Using angular momentum wave
functions in momentum space for both normal quantum mechanics and NCQM, calculating
the differential cross sections of (I, 2I) reaction, and comparing theoretical results with the
measured one, we are able to conclusively determine whether space is noncommutative,
i. e., a positive experimental result shows an evidence of spatial noncommutativity and a
negative one draws a conclusive preclusion of spatial noncommutativity.
The existing upper bounds of θ and η are, respectively, θ/(h¯c)2 ≤ (10 TeV )−2 [12] and
|√η | ≤ 1µeV/c [17]. From this upper bound of η the effective intrinsic magnetic field
Bη =
cη
qh¯
≤ 10−14T. (41)
In order to meet the condition of deriving Eqs. (40) the magnetic field B must be decreased
to a level of some orders less than Bη. The diminishing level of B is determined by the level
of shielding the background magnetic fields. The field control at that level seems close to
impossible in the foreseeable future.
Recently controlling field at the 10−9T level was realized using magnetic shields of two
thick mu-metal cylinders [23]. It may relax the field control further to the challenging, but
achievable 10−12T level. It is interesting to consider the case of diminishing the external
magnetic field B to the level of ∼ 10−9T (10−12T ). Using laser trapping and cooling [24],
the limit of Hˆk → Eˆk,0 can be reached. Up to the first order of θ and η, the contribution
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of the term η/Gh¯ of J ∗ in Eq. (28) is about η/Gh¯ ∼ 10−5(10−2). The contribution of the
other term Gθ/4h¯ is about Gθ/4h¯ ∼ 10−36(10−39) which can be neglected. For normal
quantum mechanics in commutative space, θ = η = 0, in the limit of Hk → Ek,0, the
lowest angular momentum J ∗0 = h¯/2. The corresponding changes of the lowest angular
momentum ∆Jˆ ∗0 ≡ J ∗0 − Jˆ ∗0 originated from spatial noncommutativity are, respectively,
∆Jˆ ∗0 ∼ 10−5h¯(10−2h¯). (42)
These results are signals of spatial noncommutativity which are within limits of the mea-
surable accuracy of the modified EMS. In this case a positive experimental result shows
a primary evidence of spatial noncommutativity. One point that should be emphasized is
that in this case a negative one cannot draw a conclusive preclusion of spatial noncommu-
tativity, but provides an improved upper bound of η.
The limit of the mechanical kinetic energy approaching its lowest eigenvalue is an im-
portant ingredient to obtain the final results. Now we discuss the consequences if this
condition is not fulfilled. In this case the effects of spatial noncommutativity are con-
tributed by the second term ξ2θpipi/2h¯ and the third term ξ
2ηxixi/2h¯ of Eq. (7). They
can be estimated as follows. We consider the ion of a mass number in the order A ∼ 102.
Using laser cooling to reduce its average velocity to the order v¯ ∼ 102ms−1. Its average mo-
mentum is around the order p¯ ∼ 10−6eV/ms−1. The average coordinate x¯ can be roughly
estimated by the uncertainty relation: x¯ ∼ ∆x, p¯ ∼ ∆p and x¯ ∼ h¯/p¯. Up to the first order
of θ and η, the contributions of θp¯2/h¯ and ηx¯2/h¯ ∼ ηh¯/p¯2, according to the existing upper
bounds of θ and η, are respectively about
θp¯2/h¯ ∼ 10−20h¯, ηx¯2/h¯ ∼ 10−17h¯.
They are extremely small. Testing contributions of spatial noncommutativity at such level
is almost impossible in the foreseeable future.
Technical difficulties involved in the modified EMS (I, 2I) reaction are as follows:
(i) The differential reaction cross section for the ion-ion scattering is very small. For a
rough estimation using a hard sphere model with radius 10−10m, the total cross sections
is about 10−20m2 which depends on the ion’s type and energy [25].
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(ii) The efficiency of the coincidence measurements of two out-going ions is quite small.
The efficiency of measuring one out-going ions is determined by the geometry of the spec-
trometer and the open solid angles of ion’s going out from the trap. As a safe region,
the open solid angle is estimated as ∼ 1% of the full 4π without deteriorating the perfor-
mance of the trap [26]. Therefore, the efficiency of the coincidence measurements of the
two out-going ions is about 10−4.
It turns out that, like neutrino experiments, the period of the modified EMS exper-
iment is long. In order to measure one momentum spectrum in a year, one coincidence
measurement per day which corresponds to a frequency about 10−5s−1 is necessary. For
this purpose the number of trapped ions and the incident ion current are, respectively,
about 1010 and 109s−1. In such cases influence of ion’s electric charge and magnetic fields
of moving ions are large which need to be greatly reduced by special compensation tech-
niques.
(iii) Ions with low energy are easily influenced by the disordered background electric
and magnetic fields. Thus determinations of momentum distributions of ions through
measuring orbits of scattered ions may lead to large error which should be controlled at a
reasonable level.
(iv) In order to guarantee that the inner structures of the target and the incident ions
are not changed during scattering a careful selection of the suitable ion’s type and beam
energy are necessary.
A more detailed analysis by means of the knowledge of the noncommutative wave
functions shows that the total cross sections for the ion-ion scattering keeps the same
order as one of using a hard sphere model. It is clarified that detailed calculations do
not change the basic characteristics of the results of the above qualitative analysis. But a
detailed analysis of some experimental technique points are out of the scope of the present
theoretical paper.
Similar to EMS, the modified EMS is one of the most subtle processes which provides
a variety of information for evaluating the dynamic mechanism of the (I, 2I) reaction.
Though test of spatial noncommutativity using modified EMS is a challenging enterprise,
unlike experiments near the Planck scale 1019GeV , modified EMS provides a realizable way
13
for measuring noncommutative quantum effects on normal quantum scales. It is expected
that the experimental realization of the proposal which will be the first step towards a
conclusive test of spatial noncommutativity.
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